The following results about a profinite group G are obtained. The commutator subgroup G ′ is finite if and only if G is covered by countably many abelian subgroups. The group G is finite-by-nilpotent if and only if G is covered by countably many nilpotent subgroups. The main result is that the commutator subgroup G ′ is finite-by-nilpotent if and only if the set of all commutators in G is covered by countably many nilpotent subgroups.
Introduction
Let G be a profinite group. If G is covered by countably many closed subgroups, then by Baire Category Theorem at least one of the subgroups is open. This simple observation suggests that if G is covered by countably many closed subgroups with certain specific properties, then the structure of G is similar to that of the covering subgroups. For example, if G is covered by countably many periodic subgroups, then G is locally finite. We recall that the group G is periodic (or torsion) if each element in G has finite order. The group is locally finite if each of its finitely generated subgroups is finite. Following his solution of the restricted Burnside problem [18, 19] and using Wilson's reduction theorem [17] , Zelmanov proved that periodic compact groups are locally finite [20] . Another example is that if G is covered by countably many subgroups of finite rank, then G has finite rank. The profinite group G is said to have finite rank at most r if each closed subgroup of G can be topologically generated by at most r elements. It was shown in the recent paper [3] that a profinite group is covered by countably many procyclic subgroups if and only if it is finite-byprocyclic.
In the present article we will establish more results of this nature.
Theorem 1.1. For a profinite group G, the following conditions are equivalent.
(1) The group G is covered by countably many abelian subgroups; (2) The group G has finite commutator subgroup; (3) The group G is central-by-finite. Theorem 1.2. For a profinite group G, the following conditions are equivalent.
(1) The group G is covered by countably many nilpotent subgroups; (2) The group G is finite-by-nilpotent; Here Z m (G) denotes the mth term of the upper central series of G. Both above theorems are in parallel with well-known results on abstract groups covered by finitely many abelian, or nilpotent, subgroups. R. Baer [14, 4.16] characterized central-by-finite groups as those groups having a finite covering by abelian subgroups. In 1992 M. J. Tomkinson showed that a group G has a finite covering by nilpotent subgroups if and only if Z m (G) has finite index in G for some positive m [16] . Some related issues have been also addressed in [4] . In view of Hall's theorem [10] it follows that a group G has a finite covering by nilpotent subgroups if and only if G is finite-by-nilpotent. It is interesting to observe that our Theorems 1.1 and 1.2 show that a profinite group G admits a countable covering by abelian (respectivly, nilpotent) subgroups if and only if G admits a finite covering by subgroups with the respective property. The proofs of the theorems do not use the results on finite coverings of abstract groups.
If x, y ∈ G, then [x, y] = x −1 y −1 xy is the commutator of x and y. The closed subgroup of G generated by all commutators is the commutator subgroup G ′ of G. In general, elements of G ′ need not be commutators (see for instance [11] and references therein). On the other hand, Nikolov and Segal showed that for any positive integer m there exists an integer f (m) such that if G is m-generator, then every element in G ′ is a product of at most f (m) commutators [13] . Several recent results indicate that if the set of all commutators is covered by finitely, or countably, many subgroups with certain specific properties, then the structure of G ′ is somehow similar to that of the covering subgroups.
It was shown in [2] that if G is a profinite group that has finitely many periodic subgroups (respectively, subgroups of finite rank) whose union contains all commutators, then G ′ is locally finite (respectively, G ′ is of finite rank). In [1] similar results were obtained for the case where commutators are covered by countably many subgroups: if G is a profinite group that has countably many periodic subgroups (respectively, subgroups of finite rank) whose union contains all commutators, then G ′ is locally finite (respectively, G ′ is of finite rank). In [6] the corresponding results were obtained for profinite groups in which commutators of higher order are covered by countably many periodic subgroups, or subgroups of finite rank.
Profinite groups in which commutators are covered by procyclic subgroups were studied in [8] . It was shown that if G is a profinite group that has finitely many, say m, procyclic subgroups whose union contains all commutators, then G ′ is finite-by-procyclic. In fact, G ′ has a finite characteristic subgroup M of m-bounded order such that G ′ /M is procyclic. Moreover, if G is a pro-p group that has m procyclic subgroups whose union contains all commutators, then G ′ is either finite of m-bounded order or procyclic. Earlier, Fernández-Alcober and Shumyatsky proved that if G is an abstract group in which the set of all commutators is covered by finitely many cyclic subgroups, then the commutator subgroup G ′ is either finite or cyclic [7] . Profinite groups in which the commutators are covered by countably many procyclic subgroups were dealt with in [3] . Such groups were characterized precisely as groups whose commutator subgroup is finite-by-procyclic.
In the present article we study profinite groups in which the commutators are covered by countably many nilpotent subgroups. Our main result is the following theorem. Theorem 1.3. Let G be a profinite group. The following conditions are equivalent.
(1) The set of all commutators in G is covered by countably many nilpotent subgroups;
Remark that no analogue of the above theorem for abstract groups is known. We conjecture that if G is an abstract group in which the commutators are covered by finitely many nilpotent subgroups, then G ′ is finite-by-nilpotent. Another natural conjecture (related to Theorem 1.1) is that if G is a profinite group in which the commutators are covered by countably many abelian subgroups, then the second commutator subgroup G ′′ is finite. It seems however that the techniques employed in the present article are insufficient for dealing with the above conjectures.
On groups covered by nilpotent subgroups
The proof of Theorem 1.1 is quite straightforward. The proof of Theorem 1.2 will be somewhat more complicated. Throughout the article, whenever G is a profinite group, we denote by X the subgroup of G topologically generated by the subset X. 
. . , g n of the cosets of Z(G) in G. We observe that G is a union of n abelian subgroups g i , Z(G) . Thus, the proof of the theorem will be complete once we show that if G is a union of countably many abelian subgroups, then Z(G) is open in G.
Write G = ∪G i , where i = 1, 2, . . . and G i are closed abelian subgroups. By Baire Category Theorem [12, p. 200] at least one of the subgroups G i is open. So we assume that G 1 is open. Choose g 1 , . . . , g n ∈ G such that G = G 1 , g 1 , . . . , g n . For some i ≤ n we look at the coset B = g i G 1 . It is clear that B is covered by the subsets B ∩ G j . The subsets B ∩ G j are closed and so by Baire Category Theorem at least one of them has non-empty interior. Therefore there exist a positive integer k ≥ 2, an element b ∈ B, and an open subgroup
As usual, if X and Y are subsets of a group G, we denote by [X, Y ] the subgroup generated by all commutators [x, y], where x ∈ X and y ∈ Y . For k = 1, 2, . . .
Lemma 2.1. Let G be a finite group acting on an abelian group M. Suppose that there exists an integer k with the property that for every element a ∈ G we have [M, k a] = 1. Then there exists a number t, depending only on k and |G|, such that [M,
Proof. This is straighforward using the result of Crosby and Traustason [5, Theorem 1].
Lemma 2.2. Let G be a profinite group covered by countably many nilpotent subgroups. Assume that N is a closed normal abelian subgroup of G such that
Proof. Write G = ∪G i , where i = 1, 2, . . . and G i are closed nilpotent subgroups. Let x ∈ G and X = xC G (N). Obviously, X is closed and therefore compact. It is clear that X is covered by the (closed) subsets X ∩ G i . By Baire category theorem, at least one of these subsets contains a non-empty interior. Hence, there exist an open normal subgroup T in G, an element a ∈ X, and an integer j such that X ∩ aT is contained in . . , g n of the cosets of Z m (G) in G. We observe that G is a union of n nilpotent subgroups g i , Z m (G) . Thus, the proof of the theorem will be complete once we show that if G is a union of countably many nilpotent subgroups, then for some positive integer m the subgroup
So we assume that G = ∪G i , where i = 1, 2, . . . 
On groups in which commutators are covered by nilpotent subgroups
Our goal in the present section is to prove Theorem 1.3. Thus, we will work under the following hypothesis. Proof. For each positive integer i set
Note that the sets S i are closed in G × G and cover the whole group G × G. By Baire category theorem at least one of these sets contains a non-empty interior. Hence, there exist an open normal subgroup H in G, elements a, b ∈ G, and an integer j such that [ah 1 , bh 2 ] ∈ G j for any choice of h 1 , h 2 ∈ H. Let K be the closed subgroup of G generated by all commutators of the form [ah 1 , bh 2 ], where Proof. Fixed an element a ∈ G, for each positive integer i let
Note that the sets S i are closed in G and cover the whole group G. By Baire category theorem at least one of these sets contains a nonempty interior. Hence, there exist an open normal subgroup H in G, an element b ∈ G, and an integer j such that [hb, a] ∈ G j for any
Lemma 3.4. Let G be a finite group acting on an abelian group M. Suppose that there exists an integer k such that for every commutator a ∈ G we have [M, k a] = 1. Then there exists a number t, depending only on k and
It is sufficient to show that there exists a number t, depending only on k and |G ′ | (and not on the choice of x ∈ M), such that [ x G , t G ′ ] = 1. Therefore we can assume that M = x G . Now M is finitely generated and hence residually finite. It is sufficient to show that there exists a number t, depending only on k and |G ′ |, such that [Q, t G ′ ] = 1 whenever Q is a finite G-invariant quotient of M. Therefore we can assume that M is finite. Further, we note that G naturally acts on each Sylow subgroup of M. It is sufficient to prove that the action of G on each Sylow subgroup of M satisfies the conclusion of the lemma. Hence, without loss of generality we assume that M is a finite p-group for some prime p.
The lemma will be proved by induction on |G ′ |. Since there is nothing to prove when G ′ = 1, we assume that
We allow the case where G ′′ = 1 and s = 1, and we assume that s is the minimal number with the property that
) and we remark thatḠ is metabelian since G ′′ ≤ C G (M s−1 ) . The group G naturally acts on M s−1 . Let a 1 , a 2 , . . . , a r 
Proof. Let x ∈ G and let X be the set of all commutators contained in the coset xC G (N). Suppose that X is non-empty. Obviously, the set X is closed and therefore compact. It is clear that X is covered by the (closed) subsets X ∩ G i . By Baire category theorem, at least one of these subsets contains a non-empty interior. Hence, there exist an open normal subgroup T in G, an element a ∈ X, and an integer j such that all commutators contained in X ∩ aT belong to G j . Let R = T ∩ C G (N). Since all commutators contained in aR belong to G j , it follows that a R ≤ G j . Since 
